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Method to Improve the Accuracy of Straight-Segment
Representation of Helical Vortices

D. H. Wood¤

University of Newcastle, Callaghan,New South Wales 2308, Australia

The errors arising from the computational representation of a helical vortex by straight segments, particularly
at the small values of pitch that are typical of the wakes of hovering rotors and wind turbines, are considered. For
a helix of constant pitch and radius, as in the far wake, the main error in calculating the velocity at a control point
of the same radius arises from the pairs of “aligned segments,” whose junction is in line with the control point. The
aligned segments are those closest to the control point; for each M segments per revolution of the helix, there is one
pair of aligned segments. They are particularly important at small pitch because of their proximity to the control
point. An approximate analytic expression is derived for the velocity due to the section of the helix represented
by the aligned segments. Its use is shown to improve signi� cantly the accuracy of the induced velocity for the
moderate values of M that are used in many calculations. For a vortex of changing radius, typical of the near wake,
the aligned segments are also crucial. Replacing them by an extension of the analytic approximation also leads
to a signi� cant improvement in the accuracy of the induced velocity at moderate values of M. Calculations of the
expanding wake of a three-bladed wind turbine are used to compare the improvement in accuracy at moderate M
to that obtained by increasing M without replacement. Replacement caused a much smaller increase in execution
time per iteration.

Nomenclature
a = vortex core radius
a0; a1; a2 = constants in Eq. (14)
b0; b1; b2 = constants in Eq. (14)
F1; F2; F3 = functions de� ned in the Appendix
k = index of junction of aligned segments
L = length of vortex segment
M = number of straight segments per revolution

of the helix
N = number of helical vortices and blades
p = vortex pitch
R = helix radius
r = distance
U = x-direction velocity
Ub = binormal velocity
V = y-direction velocity
W = z-direction velocity
W .p/ = function introduced in Eq. (7)
W .®; p/ = function introduced in Eq. (1)
x; y; z = coordinatedirections de� ned in Fig. 1
® = azimuthal displacement of vortex
¯ = normalized vortex angle
0 = circulation in vortex
" = cutoff parameter
µ = vortex angle
µ 0 = vortex angle measured from the junction

of a pair of aligned segments

Subscripts

a = start of vortex segment
b = end of vortex segment
p = control point
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s = value for vortex segment
0 = junction of aligned pair of vortex segments

Introduction

H ELICAL vorticesoccur in the wakes of helicopter rotors, pro-
pellers, and wind turbines and can have a signi� cant effect on

the � ow through the blades. If the in� ow is steady and parallel to
the axis of rotation, then the helices in the far wake have constant
pitch and radius. This simple case has been the subject of consid-
erable recent attention, for example, Refs. 1–4, which has resulted
in a good understanding of the self-induced velocity and its vari-
ation with vortex pitch p. The main result is that the self-induced
binormal velocity at small p, less than about 0.2 when normalized
by the vortex radius, has a leading term proportional to p¡1 due to
the proximity of successive turns of the helix. (Note that the binor-
mal velocity is orthogonal to the tangential and normal velocities;
for a helix of constant pitch and radius, the normal velocity is in
the radial direction. When, in addition, the pitch is small, the bi-
normal direction is nearly the x direction in Fig. 1.) This term is
usually signi� cantly larger than the logarithmic term that arises for
all curved vortices and is, for example, the main component of the
velocity of a vortex ring. Wood and Boersma4 demonstrated that
most operational wind turbines have p ¼ 0.05 in the far wake and
quoted p D 0:053 in the far wake of the hovering rotor experiment
of Leishman et al.5 Furthermore, p¡1 ! 1 as # 0, so that the vor-
tex ring can not be considered as a special case of a helix in this
context.The vortex ring, whose velocity � eld is well known, is not,
therefore,a suf� cient test case for the developmentof computational
representationsof helical vortices.

Perhaps the simplest,and most common, computationalrepresen-
tation of helical vortices is by the straight segments shown graphi-
cally in Fig. 1 for a constant radius helix with p D 0:05. Each rev-
olution of the helix contains M segments, so that the increment in
the vortex angle µ measured from the positive y axis in the direction
of the helix in Fig. 1, is 2¼=M per segment. M D 6 in Fig. 1. In
a typical aerodynamic calculation, it would be necessary to com-
pute the three velocity components at some point on each straight
segment. The accuracy of the straight-segment approximation has
been tested by Bliss et al.6 and Bhagwat and Leishman,7 among
others, by comparison with the velocity � eld of a vortex ring. It was
shown that the order of accuracyof the approximationis M¡2 . Bliss
et al.6 developed a curved vortex element with a typical accuracy
of M¡4 , but its use involves signi� cant extra computation.Bhagwat
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Fig. 1a Helical vortex by straight segments; the helix has constant
radius and pitch, p = 0.05, and M = 6.

Fig. 1b First three pairs of aligned segments for case 3.

and Leishman7 showed that the logarithmic term due to curvature,
which obviouslycannotbe capturedby straightsegments,can easily
and accurately be added.

The � rst use of the recent � ndings on helical vortices to inves-
tigate the accuracy of the straight-segment approximation was by
Wood and Li.8 They con� rmed the M¡2 accuracy for a control
point well away from the vortex (their case 1) and then considered
two additional control points (cases 2 and 3) at the vortex radius.
Case 2 was displaced by 180 deg from the beginning of the helix.
Its location would be the origin of the second helical vortex for a
two-bladed rotor. Case 3 was on the vortex, giving the self-induced
velocity. All three control points are shown in Fig. 1a. Bliss et al.6

found that the induced velocity calculations were more accurate
for the endpoints of the straight segments than for their midpoints.
Because of this, only endpoints will be considered here; in other
words, only even values of M will be considered. Wood and Li8

found that the error in cases 2 and 3 was dominated by the “aligned
segments” that begin or end immediately behind the control point.
As shown in Fig. 1b, there are two aligned segments per revolu-
tion for case 3. This applies to case 2 as well, for different pairs
of segments, but there are no aligned segments for case 1. Because
the velocity induced by a straight segment on a control point must
be normal to the plane containing the segment and the point, these
segments make virtually no contribution to the binormal velocity
at small pitch, whereas it is easy to see from the Biot–Savart in-
tegrand that they should make a major contribution if M is small.
Using the solution from Ref. 4, Wood and Li8 found that the ac-
curacy of the straight-segment approximation is only O.M¡1/ at

small M , (for example, around 10) improving to O.M¡3/ at very
large M (for example M » 300). A crude estimate for the error was
obtained from the trapezoidalrule applied to the section of the helix
represented by the aligned segments. The dependence on M was
reproduced, but the magnitude of the error was underestimated by
a factor of about two. Many practical calculations use “moderate”
values of M , that is, in the range 10–100. For example, the results
in Fig. 1 of Bhagwat and Leishman7 were obtained with M D 36.
(In Ref. 8 a number of other issues relating to numerical accuracy
of helical wake calculations are discussed that are not considered
here.) It is, therefore, important to investigate the induced velocity
errors further and, if possible,developcorrectionproceduresfor the
signi� cant errors that can occur when M is between 10 and 100.
That is the purpose of the work described in this paper. Attention
will be focused on small values of p that are typical of the wakes of
wind turbines and rotors.

This paperbeginsbyconsideringcase 2 of Ref. 8 and signi� cantly
improves the error analysis therein. When the origin of the vortex
angle in the Biot–Savart integrand(for the originalhelix) is changed
to the junction between the aligned segments, the integrand is ex-
panded in that angle and the resulting series integrated analytically
for the � rst few terms. This procedure is equivalent to making a
similarity transformationin which the similarity variable is the new
angle divided by the index of the junction, which will be denoted
by k: k D 1, 2, and 3 for the aligned segments identi� ed in Fig. 1b.
For small values of the similarity variable, the resulting estimates
for the induced velocity are accurate to O.M¡4/, which is the same
order as the curved segment expressions of Ref. 6. It is shown in
the next section that the aligned segments are primarily responsible
for the error in the binormal velocity at small and moderate values
of M . An accurate correction is obtained by replacing the velocities
induced by those segments with the similarity results.

The errorsdue to the alignedsegments are likely to be greatest for
constantradiushelices,whereas thenearwakeconsistsof expanding
or contracting vortices. A test case of an expanding helical vortex,
for which the induced velocities are found using very accurate nu-
merical quadrature, shows that corrections still need to be made
only to the aligned segments. The following section describes some
generic free-wake calculations of the wake of a three-bladed wind
turbine operating near its design point, which demonstrate that re-
placementof the aligned segments is computationallyef� cient: The
increase in execution time is signi� cantly smaller than that required
to give the same accuracy by increasing M without replacement.

Constant Radius Helical Vortices
Figure 1 shows a semi-in� nite helical vortex, beginning at

.x; y; z/ D (0, 1, 0) with constant pitch and radius. For the control
point of case 2, Ub is given by

Ub D
1

.p2 C 1/
1
2

Z 1

0

¡p2µ sin µ C .1 ¡ p2/[1 C cos µ ]

[p2µ 2 C 2.1 C cos µ/]
3
2

dµ

D .p2 C 1/
1
2 W .¼; p/=2 ¡ p.p2 C 1/¡ 1

2 (1)

Ub is normalized by 0=.4¼ R/ (as are all velocities in this paper),
where 0 is the circulation and R is the vortex radius at x D 0. All
lengths are normalized by R. The function W .¼; p/, introducedby
Ref. 4, can not, apparently,be determined analytically.It is given to
six signi� cant � gures for 0.01 · p · 5:0 in Table 1 of Ref. 8. These
results were obtained using an adaptive quadrature scheme based
on the Gauss–Kronrod method (for example, see Kahaner et al.9,
which was carefully checked to six signi� cant � gures against the
asymptotic expansionsfor W .¼; p/ at small and large pitch.4 Wood
and Li8 point out that the accuracy could be easily extended to at
least 10 signi� cant � gures, but the smaller number is suf� cient for
the present purposes.

One way to obtain an analytical approximation to the integral
in Eq. (1) is to let µ 0 D µ ¡ k¼ , where the index k D 1; 3; 5; 7; : : : ;
so that µ 0 D 0 de� nes the junction of the two aligned segments that
occur for each revolution of the helix. Expanding the trigonometric
functions and retaining all terms in µ 0 up to µ 002 allows analytic
integrationto O.M¡4/ accuracyfor small valuesof µ 0. The inde� nite
form of Eq. (1) is thereby approximated as



258 WOOD

Fig. 2 Comparison of the exact Biot–Savart integrands for k = 1, 3, 5,
and 7 from Eq. (1) to the approximateintegrand from Eq. (2); note that
the integrands from Eq. (1) are scaled by k¼ (p = 0:05).

1

.p2 C 1/
1
2

Z
p2¯ C 1

2 .1 C p2/¯2

[p2.1 C ¯/2 C ¯2]
3
2

d¯ (2)

where ¯ D µ 0=k¼ . The integrand in Eq. (2) is shown in Fig. 2 to be
a very accurate approximation to that in Eq. (1) for k D 1; 3; 5, and
7, provided that ¯ is small in magnitude. Because the integrand in
Eq. (1) has its maximum at small j¯j (approximately¯ D §

p
2p at

small p) but is always zero at ¯ D 0, the aligned segments should
contribute signi� cantly to the induced velocity for moderate M , but
will make a negligible contributionwhen M is suf� ciently large.

To use Eq. (2) to replace the induced velocity calculatedfrom the
aligned segments and their neighbors, let j be the vortex segment
number counting from the junctionof the alignedsegments and note
that, at theendof the j th segment,µ 0 D 2¼ j=M and ¯ j;k D 2 j=.kM/.
The integration of Eq. (2), as described in the Appendix, gives the
contribution to the binormal velocity from the 2 j segments sur-
rounding the junction of the aligned segments as

1Ub; j;k D
©

p2
£
F1

¡
p2; ¯ j;k

¢
¡ F1

¡
p2; ¡¯ j;k

¢¤

C . p2 C 1/
£
F2

¡
p2; ¯ j;k

¢
¡ F2

¡
p2; ¡¯ j;k

¢¤¯
2
ª¯

.p2 C 1/
1
2

where

F1. p2; x/ D 1 C x

[p2.1 C x/2 C x2]
1
2

(3)

F2. p2; x/ D
p2 ¡ x C p2x

.1 C p2/[p2.1 C x/2 C x2]
1
2

C 1

.1 C p2/
3
2

£ log

³
2

»
p2 C x C p2x

.1 C p2/
1
2

C [p2.1 C x/2 C x2]
1
2

¼ ´

The notation for F1 and F2 is explained in the Appendix. From
Eq. (3), the contribution to the induced binormal velocity from all
of the aligned segments is given by

1Ub;1 D
1X

n D 0

p2
£
F1

¡
p2; ¯1;2n C 1

¢
¡ F1

¡
p2; ¡¯¡1;2n C 1

¢¤
C . p2 C 1/

£
F2

¡
p2; ¯1;2n C 1

¢
¡ F2

¡
p2; ¡¯¡1;2n C 1

¢¤¯
2

.p2 C 1/
1
2

(4)

Because ¯ j;k involves j as well as M , the stated order of accuracy
O.M¡4/ is obtained only for small values of j . This restriction is
also apparent from Fig. 2.

The basic notation for a straight segment is de� ned in Fig. 3. The
contributions to Us , Vs , and Ws , the x , y, and z velocities due to
each segment, are given by Eq. (2) of Afjeh and Keith10:

Fig. 3 Notation for Eq. (5) with the
control point at (0, 0, 0); the vortex
segment begins at a, ends at b, and has
length L.

Fig. 4 Uncorrected (un� lled symbols) and corrected (� lled symbols)
straight-segment error for case 2 and values of pitch indicated; only the
aligned segments are corrected.

2

4
Us

Vs

Ws

3

5 D 2
ra C rb

rarb

£
L2 ¡ .ra C rb/2

¤

£

2

4
.yp ¡ yb/.zb ¡ za/ ¡ .z p ¡ zb/.yb ¡ ya/

.z p ¡ zb/.xb ¡ xa/ ¡ .x p ¡ xb/.zb ¡ za/

.xp ¡ xb/.yb ¡ ya/ ¡ .yp ¡ yb/.xb ¡ xa/

3

5 (5)

Summing over all elements to obtainU; V , and W allows the binor-
mal velocity to be calculated from

Ub D .U § pW /
¯

.p2 C 1/
1
2 (6)

where the plus sign is for case 2 and the minus for case 3. V will
not be considered for the constant radius helix. Its determination,
however, is required in the subsequent sections.

The open symbolsin Fig. 4 showthe magnitudeof theuncorrected
straight-segment error for case 2 and three values of p: 0.01, 0.05,
and 0.1. The error is the difference between the straight-segment
value and the “exact” value. These results are identical to those
in Fig. 4b of Ref. 8 and are all negative. The M¡1 dependence of
the error at small M is most clearly seen for p D 0:01. The � lled
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Fig. 5 Uncorrected (un� lled symbols) and corrected (� lled symbols)
straight-segment error for case 2 and values of pitch indicated; the
aligned segments and segment either side are corrected.

symbols show the error when Eq. (4) is used instead of Eq. (5) to
determine the contributionfrom the aligned segments. For small M ,
the error is positive but changes sign at a value of M that depends
on p. The minimum error occurs at M D Mmin near the change in
sign; for p D 0:01, Mmin D 96, althougherrorsof around10¡5 cannot
be trusted. For p D 0:05, Mmin D 32, and for p D 0:1, Mmin D 24.
The use of Eq. (4) for the aligned segments reduces the error by
around two orders of magnitude for moderate values of M . As M
increases further, the contribution to the velocity from the aligned
segments decreases,and the new correction tends to zero. However,
the corrected induced velocity is always more accurate than the
uncorrectedvelocity.It is not apparentfrom Fig. 4 that the dominant
contribution to the correction comes from the � rst pair of aligned
segments, for which k D 1. For example,with p D 0:05 and M D 30,
1Ub;1 from Eq. (4) is 0.339261 and the contribution from k D 1 is
0.302671. If the segments on either side of the aligned segments are
also replaced by the equivalent of Eq. (4), the error is as displayed
in Fig. 5. The error was not signi� cantly reduced from that shown
in Fig. 4, indicating the dominant role of the aligned segments in
producing the error.

For case 3, the self-induced velocity, the integral is the same as
that in Eq. (1) but with the oppositesign for the trigonometricterms.
From Ref. 8, the binormal velocity is given by

Ub D 1

.p2 C 1/
1
2

µ
W .p/

2
¡ p

¶
C 1

2. p2 C 1/

µ
log 2 C 2p2

¡ 1
2

log.p2 C 1/

¶
(7)

where W . p/, de� ned by Ref. 3, is alsogiven to six signi� cant � gures
in Table 1 of Ref. 8. Equation (7) does not include the curvature
term, log."/=[2.1 C p2/], where " D a=.1 C p2/ is the ratio of the
core radius a to the vortex’s radius of curvature. [See Eq. (5.7) of
Ref. 4.]The curvatureterm arisesfromthe need to excludethe region
jµ j · " to avoid the µ ¡1 singularity in the Biot–Savart integrand at
µ D 0. It was omitted because straight segments cannot capture this
curvatureeffect, and so the term would have to be added both to the
straight segment result and to Eq. (7), leaving the error unchanged.
However, the region " · µ · 2¼=M , the rest of the � rst segment,
should contribute log.2¼=M/=[2.1 C p2/] to the order of accuracy
of Eq. (3). Because a straight segment can not induce any velocity
on itself, this amount was added to the binormal velocity calculated
for all other segments using Eq. (5). Implementing the correction
procedure is then a straightforward modi� cation to that for case 2;
Eq. (2) remains the same, except that now the index k takes on the
values 2; 4; 6; : : : : Thus, no additional correction is made to the
segment beginningat the controlpoint. Figure 6 shows the resulting

Fig. 6 Uncorrected (un� lled symbols) and corrected (� lled symbols)
straight-segment error for case 3 and values of pitch indicated; only the
aligned segments are corrected.

error for the uncorrectedand correctedstraightsegments; the former
were also shown in Fig. 5 of Ref. 8. The M¡1 accuracy at small M
is most obvious for p D 0:01. It is remarkable that the correction
reduces the error to values that are nearly independentof M over its
entire range. As pointed out by Wood and Li,8 the magnitude of the
error, around0.3, is comparable to the effect on the inducedvelocity
of the detailed structure of the vortex. For example, Ref. 3 proved
that the binormal velocity for a helical vortex of zero thickness
(and, hence, no structure) differs from that for a helical vortex with
a � nite circular core over which the vorticity is spread evenly, by
one-quarter, for all values of p. This difference is ignored in the
usual application of the Biot–Savart law and so does not appear
in the corrections developed here. The structure of hovering rotor
vorticeshas beenmeasured in detail (for example,Ref. 5), but, to the
author’s knowledge, virtually nothing is known about the structure
of vortex cores in the wakes of propellers and wind turbines. The
effect of including the segments adjacent to the aligned segments is
negligible, and so it is not shown.

Expanding Helical Vortices
The results from the preceding section indicate that the aligned

segments are important because of their proximity to the control
point. If the helix expands or contracts, as it must in the near wakes
of propellers, rotors, and wind turbines, then the signi� cance of the
aligned segments will possibly change. Unfortunately, there are no
analyticalor asymptotic results available for expandingor contract-
ing helical vortices, but an apparentlyuseful test case has been con-
structed. Consider a conical helical vortex of constant pitch whose
radius is given by aµ C 1, where a is a constant, so that the radius
is unity when µ D 0, as is the case for the helix in Fig. 1. A typical
value of a can be deduced from the hovering rotor experiments of
Ref. 5, in which the trajectory of the tip vortex was determined and
� tted by an empirical curve. The maximum contraction occurs at
the blades and is approximately equal to a D 0:035. Because there
are, apparently,no similarly detailed studies of wind-turbinewakes,
this value will be used here for an expanding wake.

In any near-wake calculations,all three velocity components are
required,but only the x-directionvelocityU , and the y-directionV ,
will be considered. The Biot–Savart integrand for case 2 for U can
be written as

.1 ¡ p2/[aµ C 1 C cos µ ] C a sin µ

[. p2 C a2/µ 2 C 2.aµ C 1/.1 C cos µ/]
3
2

(8)

The vortex consists of only � ve turns, which is suf� cient to double
the radius. Thus, 0 · µ · 10¼ . Using the adaptive Gauss–Kronrod
quadrature method mentioned earlier, U D 18:8777 and
V D ¡ 14:4398. The signs of these terms arise from 0 being
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Fig. 7 Comparison of the exact Biot–Savart integrands for k = 1, 3,
and 5 from Eq. (8) to the approximateintegrand from Eq. (9); note that
all integrands are scaled by their value at ¯ = 0 and that the vertical
axis is logarithmic (p = 0.05).

taken as negative for wind turbines (expanding wakes), so that the
Biot–Savart contributionwill reduce the axial velocitybelow that of
the wind, and the radial velocity will be positive. The calculations
were done in double precision, and the estimated absolute error
from the Gauss–Kronrod method for each integral was less than
4 £ 10¡10. Thus, the values of U and V are likely to be accurate to
at least the six signi� cant � gures used in Sec. II.

The transformation of Eq. (8) follows that of Eq. (2) and results
in the approximate inde� nite integral for U :

1

k¼.1 C ak¼/
3
2

£
Z

a.1 C ak¼/ C 2a2k¼¯ C 1
2 .1 C ak¼ C 2a2/¯2

[®.1 C ¯/2 C ¯2]
3
2

d¯ (9)

where ® D .p2 C a2/=.1 C ak¼/. As for the earlier approximation
(3), the integral is accurate to O.M¡4/ for small ¯ . The integrand
in Eq. (8) is compared to the full Biot–Savart integrand in Fig. 7 for
k D 1, 3, and 5. Visually, the agreement is as good as that shown in
Fig. 2, but the similarity is no longer exact because the approximate
integrand is a function of k as well as ¯ .

The contribution to the axial velocity from the 2 j segments sur-
rounding the junction of the aligned segments at each k is

1U j;k D 1

.1 C ak¼/
1
2

»
a

k¼
[F0.®; ¯ j;k / ¡ F0.®; ¡¯ j;k /]

C 2a2

1 C ak¼
[F1.®; ¯ j;k / ¡ F1.®; ¡¯ j;k/]

C
µ

1

2
C

a2

1 C ak¼

¶
[F2.®; ¯ j;k/ ¡ F2.®; ¡¯ j;k /]

¼
(10)

where

F0.®; x/ D ® C x C ®x

®[®.1 C x/2 C x2]
1
2

and F1 and F2 are de� ned in Eq. (3). The correspondingcontribution
to the V component is

1V j;k D
p

.1 C ak¼/
1
2

»
¡[F0.®; ¯ j;k/ ¡ F0.®; ¡¯ j;k /]

¡ 2a

1 C ak¼
[F1.®; ¯ j;k / ¡ F1.®; ¡¯ j;k] C

µ
k¼

2
¡

a

1 C ak¼

¶

£ [F2.®; ¯ j;k / ¡ F2.®; ¡¯ j;k /]

¼
(11)

Fig. 8 Uncorrected (un� lled symbols) and corrected (� lled symbols)
straight-segmenterror for the expandinghelical vortex;onlythe aligned
segments are corrected.

Figure 8 shows that the straight-segmentcalculationhas errors in
U and V that are O.M¡2/ over the range of M considered. Using
Eqs. (10) and (11) signi� cantly reduces the error, although the re-
ductionis not as large as for the constantradiushelix.The minimum
error for U occurs at Mmin D 74 and that for V at Mmin D 20.

Application: Wind-Turbine Wakes
This section considersthe computationaleffectivenessof the cor-

rection method outlined earlier. The corrections require additional
execution time for any M , both in evaluating equations such as
Eqs. (10) and (11) instead of Eq. (5), and in identifying the aligned
segmentsin the � rst place.For any M , the correctionwill be effective
only if the increase in accuracycan not be matched by increasing M
(without correction)for the same execution time. In preparation for
making this judgement, note that each iteration of a free-wake cal-
culation without correction requires an execution time proportional
to M2 .

The test case consideredhere is a genericmodel of a three-bladed
wind turbine operating near its maximum ef� ciency, for which the
velocity in the far wake U1 has the Lanchester–Betz value of 1

3
.

Each blade is represented by a lifting line of strength 0, and the
shed vorticity resides in either the three tip vortices that expand in
the near wake, or in the three hub vortices lying along the axis of
rotation. By the use of a straightforwardextension of the argument
given by Wood11 (see also Ref. 4), it is easy to show that

U1 D 1 ¡ N0=.2¼p1/ (12)

where N is the number of blades and p1 is the pitch of the tip
vortices in the far wake. All velocities are normalized by the wind
speed and all lengths by the blade tip radius. Because

p1 ¼ .1 C U1/=2¸ (13)

at suf� cientlysmallpitch,where¸ is the tip speedratio,4 it is possible
to set 0, once N .D 3/ and ¸ have been chosen, to obtain a particular
U1. For the calculationsshown here,0 D 0:125 and ¸ D 7:5, the lat-
ter being a typical design value for modern large wind turbines.The
free-wake calculations were started from an initial wake of radius
equal to the blade tip radius and pitch given by Eq. (13). Conver-
gence was assumed when the root mean square of the radius of all
segment endpoints changed by less than 10¡7 between successive
iterations.Typically,30 iterationswere required; this numberhardly
varied with M .

Equation (5) for each pair of aligned segments per revolution of
each vortex was replaced by equations that are more complicated
thanfor the specialcasesconsideredearlier.In termsof µ 0 introduced
beforeEq. (2), the integrandsfor the inducedvelocitiesat the control
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Table 1 Coef� cients of b0; b1 , and b2 in Eqs. (14) and (15)

Component b0 b1 b2

x .2a ¡ r0/1r 0 .a2 C 1
2 rr0/1r

y .az=r C y/1x .ay=r ¡ z/1x C paz=r p.ay=r ¡ z/
¡1x.az=r C y/=2

z .ay=r C z/1x .az=r C y/1x ¡ pay=r p.az=r C y/
¡1x.ay=r ¡ z/=2

Fig. 9 Predicted far-wake radius and pitch for a three-bladed rotor.

point (x , y, z/ due to the vortex passing through the junction of the
aligned segments at (x0, y0, z0) are of the form

b0 C b1µ 0 C b2µ 02

£
c0 C c1µ 0 C c2µ 02

¤ 3
2

(14a)

where, for all components,

c0 D .1x/2 C .1r /2; c1 D 2[p1x C a1r]

c1 D 2
£

p2 C a2 C rr0

¤
(14b)

In Eq. (14b) 1x D x0 ¡ x , and 1r D r0 ¡ r is the difference in the
radius of the two points. The coef� cients in the numerator are given
in Table 1 for the three velocity components. In general, p D dx=dµ
and a D dr=dµ . Both were evaluated at the junction using central
differences.

The inde� nite integral of Eq. (14) as determinedby Mathematica
is

G.b0; b1; b2; x/ D
2
£
c0c1b2 ¡ 2b1c0c2 C b0c1c2 C

¡
b2c2

1 ¡ 2b2c0c2 ¡ b1c1c2 C 2b0c2
2

¢
x
¤

c2

¡
4c0c2 ¡ c2

1

¢£
c0 C c1x C c2x2

¤ 1
2

C b2 log

"
c1 C c2x

c
1
2
2

C 2
¡
c0 C c1x C c2x2

¢ 1
2

#
c

¡ 3
2

2

(15)

which was evaluated at µ 0 D § 2¼=M . The results for the far-
wake radius, R1 and p1 , are shown in Fig. 9 for M D 210,
U1 D 0:3217, and R1 D 1:3874. The average velocity through the
blades, U1 D U1 R2

1 D 0:6192, by conservation of mass, compares
to U1 D .1 C U1/=2 D 0:6609 from the traditional one-dimensional
wake analysis.A similar discrepancyoccurs in the contractingwake
of a hovering rotor; in both cases, it can be shown that the change
in radius of the tip vortex accounts qualitatively for the change.11

Compared to the corrected values for M D 210, the changes in
R1 and p1 for varying M are shown in Fig. 10. At the moderate
value of M D 30, the “relative error” after employing Eq. (15) is
comparable to that for the uncorrected results for twice the value of
M . Employing the corrections at M D 30 increases the program’s

Fig. 10 Change in far-wake radius and pitch as M increases.

execution time per iteration by 60%, whereas doubling M causes
a fourfold increase in time. Applying the corrections at M D 60
increased the run time by 30%, whereas M would have to increase
to at least 90 to achieve a comparable error from the uncorrected
calculations. This would cause an increase in execution time of
over 200%. For both M D 30 and 60, at least half of the increase in
applying the correctionoccurred in the identi� cation of the aligned
segments.

The errors shown in Fig. 10 for moderate values of M may be
tolerable for some calculations, but there is at least one case where
higheraccuracyis essential.Wood12 used the methoddescribedhere
to investigate generic wind-turbine wakes at high thrust and high
levels of wake expansion. The success of the induced velocity cal-
culations then becomes dependent on their ability to reproduce the
higher-order terms in the binormal velocity3;4 because the leading-
order term, proportional to p¡1, is effectively canceled.

Conclusions
The straight-segment representation of helical vortices is com-

putationally simple but can lead to signi� cant errors in the induced
velocity at the moderate values of the number of segments per revo-
lutionof the helix M used in many calculations.For the small values
of the vortex pitch that typify the wakes of hovering rotors and wind
turbines, the errors are caused largely by the pair of aligned seg-
ments for each revolutionof the helix. The junctionof these aligned
segments is in line with the control point at which the velocity is
required.The errors vary from M¡1 at small M to M¡2 at largerval-

ues. This paper develops a method to improve the accuracy of the
inducedvelocitiesby ignoring the contributionfrom these segments
in favor of expressions, derived from the Biot–Savart law for a he-
lix, which are accurate to O.M¡4/. The expressionsare applicable,
however,only for segments close to the junction.As a consequence,
the � nal level of accuracyof the inducedvelocitycalculationsis less
than O.M¡4/. However, the corrections applied only to the aligned
segments cause the total errors to change sign at small values of M ,
and so there is the possibility of judicially choosing M to minimize
the error.

Two cases were consideredfor a constantpitch and radius vortex.
Both control points were at the vortex radius, with the � rst (case 2)
displaced by 180 deg from the beginning of the helix, and with
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case 3 being the self-inducedvelocity.In both cases, the Biot–Savart
integrand was zero at the junction of the aligned segments, but, as
shown in Fig. 2, it quickly reaches a maximum on either side of the
junction. Because the contribution to the induced velocity from the
alignedsegments is nearlyzero at small pitch, the correctionsshould
have a major effect at moderate values of M , but a negligible effect
at suf� ciently large M . The new expressions were found to reduce
the error by around two orders of magnitude for moderate M . As
expected,the reductionin the error tends to zero as M increases.The
correction for the self-induced velocity is even more spectacular;
Fig. 6 shows that the resulting error is almost independent of M
and is comparable to the contribution to the vortex velocity from
the structure of its core. At present, there is very little information
available about the structure of helical vortices, except for those
behind hovering rotors.

For the subsequent test case of an expanding vortex, the new
method gave a signi� cant improvement in accuracy, although the
improvement was not as great as for the helix of constant radius.

A free-wake calculationof a three-bladedwind turbine operating
near its design point was used to assess the effectiveness of the
correction method for a typical application. For moderate values
of M , the increase in accuracy due to the new method could be
matched only by a signi� cant increase in M without correction.
This caused a much greater increase in execution time than did the
extra calculations needed to implement the corrections.

In all cases, the use of the new correctionschanged the sign of the
error for small M from the uncorrected straight-segmenterrors. At
suf� ciently large M , the new corrections have a negligible effect.
This suggests the possibility of adjusting M in a practical compu-
tation to minimize the error.

Appendix: Derivation of F1, F2, and F3

These functions are the inde� nite integrals de� ned by

Fn.®; x/ D
Z

xn [®.1 C x/2 C x2]¡ 3
2 dx

as determinedby Mathematica.They arise from the expansionof the
trigonometric functions in Eqs. (2) and (8) to O.¯2/. To this level
of approximation, the denominator in the expandingwake integral,
Eq. (9), should read

..®.1 C ¯/2 C f1 C [ak¼=.1 C ak¼/]¯g¯2//
3
2

The extra term in ¯3 signi� cantly complicates, and possibly pre-
vents, analytical integration, and so it was omitted. This omission
de� nes the order of truncation of the expansions of the trigono-
metric functions and leads to the statement in the main text that
Eqs. (3), (10), and (11) are O.¯4/ or O.M¡4/, provided that ¯ is
small.
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